This article considers the thermoelastic stability of bimetallic shallow shells of revolution. Basic equations are derived from Reissner's non-linear theory of shells by assuming that deformations and rotations are small and that materials are linear elastic. The equations are further specialized for the case of a closed spherical cup. For this case the perturbated initial state is considered and it is shown that only in the cases when the cup edge is free or simply supported buckling under heating is possible. Further the perturbated flat state is considered and the critical temperature for buckling is calculated for the case of free and simply supported edges. The temperature-deflection diagrams are calculated by the use of the collocation method for shallow spherical, conical and cubic shells.
Introduction
The theoretical consideration of the behavior of shallow spherical bimetallic shells begins with the works of Panev (1947) and Wittrick (1953) . The latter considered closed spherical bimetallic shells with a free edge. He derived general equations of the problem and from the flat state condition he calculated the critical temperature for buckling by using the series method after reducing the governing equation. He also used the series method of solution of governing equation for constructing temperature-deflection diagrams. In his calculation he assumed that both materials have the same value of Poisson's ratio. Later Aggarwala and Saibel (1970) considered the simply supported bimetallic shallow spherical shells. They used a numerical method of solution for Panev-Wittrick's equations and they found that the minimum initial height for possible buckling isunlike for the free edge -strongly dependent on the properties of the materials. In their calculations they assumed that Poisson's ratio for both materials has the same value and that h 2 1 E 1 ¼ h 2 2 E 2 . Among other works which influenced the present article is the work of Ren-Huai (1983) . He considered the free shallow bimetallic 0020-7683/$ -see front matter Ó 2006 Elsevier Ltd. All rights reserved. doi: 10.1016/j.ijsolstr.2006.04.032 spherical shell with and without a circular hole at the apex and also a bimetallic truncated shallow conical shell. He used the analytical successive approximation method of solution for Panev-Wittrick's equations and again the same value of Poisson's ratio for both layers are assumed.
The purpose of this article is twofold. First, because there seems to be some inconsistency in Wittrick's derivation of general equations of the problem (Wittrick, 1953) , all necessary general equations of the problem are derived from Reissner's general non-linear rotational shells theory and all necessary constitutive equations are derived from the Kirchhoff-Love assumptions. Next, the bimetallic shallow spherical shell is considered in detail. Three kinds of boundary conditions, free, simple and fixed, are discussed and some results obtained by other authors are compared. In contrast to other authors, both the perturbated shell flat state and perturbated initial state are considered. Also, in contrast to other authors, all perturbated equations are solved in closed forms in terms of special functions. In the last section of the article the collocation method for constructing a temperature-deflection diagram that seems to be superior to the numerical methods proposed by Aggarwala and Saibel (1970) and the successive approximation method purposed by Ren-Huai (1983) is discussed.
Basic equations
Consider a thin shallow elastic shell of revolution composed of two homogeneous and isotropic materials subject to uniform heating from one reference temperature. The thicknesses of the materials are h (1) and h (2) , Young's moduli are E (1) and E (2) , Poisson's ratios are m (1) and m (2) , and the coefficients of thermal expansion are Nomenclature B, C, D, P stiffness quantities defined by (14) 1,2,3,4 C 1 , C 2 integration constants c E , c h , c a elastic moduli ratio, thickness ratio and coefficients of thermal expansion ratio defined by (65) 1,2,3 E (1) , E (2) Young's moduli of the materials F r , F z radial and axial stress resultants per unit of undeformed length defined by (7) H 0 , H overall height of undeformed and deformed shell h (1) , h (2) , h thicknesses of the materials, overall shell thickness M / , M u meridional and circumferential bending stress couples per unit of undeformed length N / , N u meridional and circumferential membrane stress resultants per unit of undeformed length Q transverse shear stress resultant per unit of undeformed length R, R 0 sphere radius, shell outer radius (r, u, z), (r + , u, z + ) cylindrical coordinates of reference surface of undeformed and deformed shell u radial displacement w axial displacement z i (i = 1,. . . , 6) the components of the state-space vector defined by defined by (59) a (1) , a (2) , a coefficients of thermal expansion, reduced coefficient of thermal expansion defined by (14) 7 b rotation of tangent c non-dimensional parameters defined by (32) 2 e / , e u strain in meridional and circumferential direction defined by (3) /, / + tangent angle of the meridians of the reference surface before and after deformation j / , j u bending strain measures in meridional and circumferential direction defined by (4) m (1) , m (2) , m, m D Poisson's ratios of the materials, reduced Poisson's ratios defined by (14) 5,6 # temperature difference from reference stress free state s non-dimensional parameters defined by (32) 3 x non-dimensional parameters defined by (32) 1 w Airry's stress function f 0 ratio between shell overall height and thickness defined by (65) 4 a (1) and a (2) . The overall shell thickness is h = h (1) + h (2) , its overall height H 0 and outer radius R 0 (Fig. 1) . The reference surface of a shell at reference temperature is given by the parametric equations r ¼rðsÞ and z ¼ẑðsÞ, where s is the arc length of the meridians. The associated tangent angle of the meridians of the reference surface before deformation / is defined by equations
General equations
For the description of deformed state of a shell the non-linear equations of Reissner's theory will be followed (Reissner, 1989) where the shear deformation angle and the drilling stress couple will be neglected. If the parametric equations of the reference surface of the deformed shell are r + = r + u and z + = z + w, where u and w are radial and axial displacement and the associated tangent angle of the meridians of the reference surface in the deformed state is
The strain in meridional and circumferential direction are defined by
and the bending strain measures in meridional and circumferential direction are defined by
Note that when e u is known radial displacement is given by u = re u . From (1) to (3), the following strain compatibility equation can be derived:
If there is no surface load and the shell is subject to a temperature field only, then the three equilibrium equations of the problem are
where are radial and axial stress resultants per unit of undeformed length, N s , N u are meridional and circumferential membrane stress resultants per unit of undeformed length, Q is transverse shear stress resultant per unit of undeformed length and M s , M u are meridional and circumferential bending stress couples per unit of undeformed length. The homogeneous equations of equilibrium in stretching (6) 1,2 can be identically fulfilled by expressing the membrane stress resultants in the terms of Airy's stress function w
By (8) 1,2 the meridional and transverse shear stress resultant (7) are reduced to
and the equilibrium equation (6) 3 can be written as
Constitutive equations
The set of equations will now be completed by constitutive relations. It is assumed that the materials are linear elastic, obeying Hooke-Duhamel's law and assuming that the Kirchhoff-Love hypothesis of linear strain distribution across shell thickness is valid (Librescu, 1975; Love, 1944) . If in addition one selects the position of reference surface from the internal surface at distance then the assumptions lead to the constitutive equations for stress resultants in the form (Librescu, 1975 )
and the constitutive equations for stress couples
where # is the temperature difference from reference stress free state. The stiffness coefficients B, C, D, P, reduced Poisson's ratios m, m D and reduced coefficient of thermal expansion a in (12) and (13) are defined by the thermo-mechanical properties of the materials as follows: 
Panev (1947), Wittrick (1953) and Aggarwala and Saibel (1970) select the reference surface to be the bounding surface between layers, while Ren-Huai (1983) uses the present approach and further assumes that m (1) = m (2) = m. In this case, the above constitutive equations are further simplified, since from (14) 2 , C = 0 and also, from (15) 5 , m D = m. Consequently, the bending-stretching elastic coupling in the constitutive equations is eliminated and the bimetallic shells is reduced to an equivalent single-layer shell (Librescu, 1975) . If in addition
and (14) is reduced to 
Substituting (17) into (13) gives expressions for bending stress couples expressed in terms of stress resultants and bending strain measures
Shallow shell
Now the above equations will be adapted specifically for shallow shells, moderate rotations and small strains. A shell is shallow and rotations are moderate if j/j; jbj 6 d and strains are small if
where d is a number small compared to unity (Librescu and Schmidt, 1988) . Neglecting higher order terms of d and noting that d ds
The kinematic equations (2), the bending strain measures (4), the compatibility Eq. (5), the meridional and transverse shear stress resultant (9), and the equilibrium equation (10) are approximated as
Note that the deformations are of order d 2 so (22) is approximated to order d 4 . In what follows the order term will be omitted from the equations. Now, by substituting (17) into (22) and (18) into (24) and taking (21) and (23) into account, one finds, after some algebraic manipulation, that the governing differential equations of the problem for unknown b and w are
When m (1) = m (2) = m the system of Eq. (25) reduces to Wittrick's equations (Wittrick, 1953, Eqs. (16) and (17)). However, in general, case (25) differs from Wittrick's equations because Wittrick derived the expression for tensions under no restrictions, while for bending moments he tacitly assumed the equality of Poisson's ratios (Wittrick, 1953, Eqs. (11) and (12)). Consequently in his Eq. (17) the last term in (25) 2 is missing.
Once the system (25) is solved the axial displacement is calculated from (20) 
The radial displacement is calculated from (3) 2 as u = re u and from (20) 1 the meridional strain can be expressed as e s ¼ du dr
Boundary conditions
At any edge of a shell where r = a the boundary conditions can be the following:
• for a free boundary, the radial stress resultant F r (a) = 0 or, equivalently, from (8) 2 , w(a) = 0 and the bending couple is M s (a) = 0. So, from (18) 1 , for a free boundary the following conditions obtain:
• for a simply supported boundary, the radial displacement u(a) = 0 or, equivalently, from (3) 2 , e u (a) = 0 and the bending couple is M s (a) = 0. Thus from (17) 2 and (18) 1 for a simply supported boundary one has
• for a clamped (fixed) boundary, the radial displacement u(a) = 0 or, equivalently, e u (a) = 0 and rotation b(a) = 0. Again, from (17) 2 , at a fixed boundary one has
For a closed shell the rotation b and stress function w must be bounded at r = 0.
Non-dimensional form of equations
The governing equations are made dimensionless by the following dimensionless variables:
where r 0 , z 0 , / 0 , w 0 , M 0 , # 0 are the reference values of the corresponding variables. Substituting (30) into governing equations and selecting reference radius r 0 and height z 0 as independent reference values one finds the other reference values to be
In what follows, for r 0 and z 0 the shell's outer radius R 0 and overall height H 0 will be selected. By this r and z coordinates are normalized; i.e., r 2 [0, 1] and z 2 [0, 1]. Also it will be assumed that # 0 > 0, implying that a 2 < a 1 . Now, if the following non-dimensional parameters are defined:
then by introducing (30) into (25) and using (31) the governing equations can be written in the following nondimensional form:
where here and what follows the stars are dropped from equations. The corresponding non-dimensional form of boundary conditions Eqs. (27)-(29) are
• for a free edge
• for a simply supported boundary
• and for a clamped (fixed) boundary
Before continuing, note that there are two parameters x and c in differential equations (33) which are not dependent on the thermal properties of the layers. The parameter c depends solely on mechanical properties of layers and in addition x depends also on a shell height H 0 . The order of magnitude of these parameters are (35)) which is of order s = O(h/H 0 ). In a fixed boundary condition there are also two additional parameters, m, s (cf. (36)). Because all these parameters are determined by seven material parameters (14) each solution has theoretically infinite material realizations. Thus for given shell thickness, elastic properties of material and x the height of shell is, from (32) 1 , given by
If instead of coefficients of thermal expansion of layers parameter s is given, then the corresponding ratio of coefficients of thermal expansion can be, as follows from (32) 
Note that if the ratio of coefficients of thermal expansion is positive then the value of s has a lower limit. Eq. (33) and boundary conditions (34)- (36) simplify considerably when Poisson's ratio is the same for both layers; i.e., m (1) = m (2) = m. Further, from (16), m = m D , C = 0, so also c = 0. Only parameters x, m and s remain in the equations. If in addition h (1) = h (2) and E (1) = E (2) , then (32) simplifies to
In this case it is more convenient to use instead of x and s the ratios H 0 /h and a (2) /a (1) as parameters. When a (2) /a (1) ! 0 parameter s has a lower limit s = 4h/3H 0 . The corresponding reference temperature is from (31) 3 (Wittrick, 1953 )
Shallow spherical shell
The geometry of a spherical shell or spherical cup is shown in Fig. 2 and it is described by the following equations: 
The form of boundary conditions (34)- (36) remains unchanged because they do not contain /. In what follows the two simple solutions of (43) the stress free state and the flat state and their correspondent perturbated states, will be studied in detail. Note that the flat state is also discussed by Wittrick (1953) for the special case c = 0. In contrast to Wittrick, who used the series method of integration of the resulting differential equation (actually he noted that they cannot be integrated in the closed form), in this paper they are integrated in terms of special functions.
Stress free state
For the stress free state of a shell, w = 0. Consequently (43) is further reduced to
The solution of (44) (34)- (36), that the temperature must be zero; i.e., # = 0. This solution is thus the initial stress free state. The solution b = À4r is incompatible for a fixed edge (36) since one has the contradiction b(1) = À4 5 0. For a free edge and a simply supported boundary condition (34) 2 and (35) 2 gives the temperature
which in special case c = 0 reduce to # = 2; while for a free edge there are no other conditions, so this state can be realized for a simply supported edge, additional condition (35) 1 implying that the solution is only possible for s ¼
. By integrating (26) with condition w(0) = 0 one finds that the axial displacement is w = À2r 2 so the deformed shell equation is z + = Àz. In other words, the shell in this case is turned inside out. The initial direction of axial displacement when the shell is heated will now be investigated in more detail in order to decide when buckling of the shell is possible. At initial state w and b are taken to be small so one can approximate (43) as
whereb andw are perturbated values. The solution of (46), bounded at r = 0, is
where
C 1 and C 2 are complex integration constants determined by boundary conditions; J 1 (x) is the Bessel function of the first kind andî ¼ ffiffiffiffiffiffi ffi À1 p . Substituting b from (47) into (26) and integrating from 0 to 1 by taking w(0) = 0 yields displacement of the shell edge
The integration constants can be calculated from the boundary conditions. Once they are found, the behavior of the shell can be determined from the sign of derivative dw d#
. Upon heating, the negative value indicates that the overall shell height is lowering while positive values indicate that the height of the shell is rising. Only the first case can lead to thermal instability. In what follows the details of calculation will be omitted since they lead to complex expressions. Only the results will be discussed.
It can be shown that for a free edge the derivative dw d# is negative for all values of x. For a large x it approaches zero and when x approaches zero its limit value is lim x!0
. In the special case c = 0 the limit value is À1. Thus the overall height of a shell with a free edge will always lower when heated, so in this case one can expect thermal buckling.
For a simply supported edge, the derivative dw d# approaches zero from the positive side for a large x and when x approaches zero the limit value is lim x!0
Again, for c = 0 the limit has value À1. From this it follows that if x is sufficiently small, overall shell height lowers upon heating, so only in this case can one possibly expect a thermal buckling. Some values of the upper limit of x for which the shell lowers upon heating are for various values of s and various values of m (1) = m (2) = m given in Table 1 . In Fig. 2 , the curve of limit values are present for the case m = 0.3. For the case h (1) = h (2) and E (1) = E (2) the intersection points of curve s = 4h/3H 0 , which is the lower limit for condition a (2) /a (1) P 0, with the curve giving the limit value for x are presented in Table 2 . In Fig. 2 , these points correspond to point A. Also in the table the values of H 0 /h, calculated from (39) 1 , are given. It is seen from this table that shell height will lower upon heating for a very shallow shell.
For a clamped edge the sign of dw d# is the same as the sign of s and in addition it turns out that lim x!0 dw d# ¼ 0. From the assumption that a 2 < a 1 it follows that s > 0, so on heating the height of the shell always rises and as such it cannot lead to thermal instability. Note that Aggarwala and Saibel (1970) arrived at the same conclusion.
Flat state
Another simple solution of (43) is
For this solution the axial displacement is, from (26), w = Àr 2 , and consequently z + = 0; i.e., the shell is flat. Substituting the solution into (43) one finds that 
If the second of (51) is to be satisfied for any r and x then c = 0; i.e., m (1) = m (2) = m. For this case the solution of the first Eq. (51) which is bounded at r = 0 is
where C 1 is the integration constant, which will be, together with temperature #, determined from each of the boundary conditions. To study the behavior of the shell in the flat state, the perturbated solution b ¼ À2r þb, whereb, is small is introduced into the second equation of (43). Neglecting higher order powers ofb one obtains
The solution of (53) which is bounded at r = 0 is
where M l,m (x) is the Whittaker function and C 2 the integration constant. For both a free edge and simply supported edge the boundary conditions (34) 2 and (35) 2 become db dr ð1Þ þ mbð1Þ ¼ 0
Substituting (54) into (55) yields
Once C 1 is given one can from this equation calculate critical value of x for which the flat state become instable. The free and simply supported edge will now be discussed separately. For a free boundary it follows from (34), (50) and (52) that the integration constant and temperature at which the shell become flat are
From (56) the critical value of x can be calculated, which depends only on the values of m. Results of the calculation of various m values are presented in Table 3 . Parameter x is different from the parameter / proposed For a simply supported edge boundary condition, from (35), (50) and (52), the integration constant and temperature are
The critical value of x, which can be calculated from (56), depends on m and, unlike with the free edge, also on s. It turns out that the curve of critical values in (x, s) plane intersect with the curve of limiting values for which the shell is still lower at heating. The intersection points are given for various values of m together with the corresponding values of H 0 /h and a (2) /a (1) , calculated from (39), in Table 4 . Examples of calculated values of H 0 /h for the case E (1) = E (2) , m (1) = m (2) = m and for various values of h (2) /h (1) and a (2) /a (1) are given in Table  5 . The example of the curve of critical values for m = 0.3 are shown in Fig. 3 . In the figure the intersection point is marked as point C. It is seen from the figure that in the case h (1) = h (2) and E (1) = E (2) the condition s > 4h/ 3H 0 further reduces the critical values of x to a very narrow interval between points C and B. Table 4 Intersection values of limit curve and critical curve for shallow spherical cup with simply supported edge for m (1) = m (2) = m and the corresponding values of H 0 /h and a (2) /a (1) for the case h (1) = h (2) and Table 5 Calculated H 0 /h for shallow spherical cup with simply supported edge for the case E (1) = E (2) , m (1) = m shallow shell was taken to be z ¼ , where r 1 = R 1 /R 0 is the hole radius. To compare, the calculated critical temperature was normalized to that of a closed shallow shell; i.e., the calculated temperature was multiplied by the factor 1 À r 2 1 . It is seen from Fig. 9 that the presence of a hole raises the buckling temperature. The extension of the method to other shapes of shell is straightforward. In Fig. 10 the variations of height with temperatures for a free closed shallow conical shell (Fig. 8b) for various values of f 0 is shown and in (Fig. 8c) with the equation z = r 2 (3 À 2r) no buckling was detected. The example of calculated variation of height with temperature for this kind of shell is shown in Fig. 12 .
Conclusions
The general equations for treating thermoelastic stability of rotational shallow shells were derived where no restriction on material parameters are imposed. The equations were specially adapted for the case of spherical shells. It was shown that the perturbated initial state and perturbated flat state lead to differential equations which have analytical solutions. For the construction of temperature-deflection diagrams the collocation method was found to be very effective. The method was easily extended to the case of a shallow spherical shell with a hole at the apex and also conical and cubic shallow shells. The results are comparable with those obtained by other authors.
